We introduce a method for testing quantum correlations in terms of generalized quasi-probability distributions when uncontrollable noises are involved in the measuring devices as well as in the system prepared. The order parameter of the generalized quasi-probability functions provides distributed matching values to the photon number statistics, as it modifies the bosonic operator ordering. Our formalism provides a noise adaptive quasi-probability function by a disproportional assignment of the values to the photon number distribution under the effect of noises. Remarkably, using the formalism, it is possible to observe quantum correlations of continuous variable systems in the presence of severe uncontrollable noises. Our scheme provides a useful tool to test quantum correlations in various protocols with near-term noisy quantum information processors with continuous variable systems. *
I. INTRODUCTION
Verifying quantum correlation in continuous variable (CV) system is an important issue in the field of quantum technology. Quantum correlation is a crucial ingredient for a building block of quantum information processing such as quantum computation [1] , quantum communications [2] [3] [4] [5] , and quantum cryptography [6] . One of the most important challenges towards building a large scale quantum network [7] [8] [9] [10] [11] is the establishment of quantum correlations between distant nodes. An efficient identification of quantum correlation, that lies outside of classical counter part, is thus essential in developing scalable quantum architectures, which is known to require special treatments with non-trivial process in its measurements especially when the CV system is exploited [12] [13] [14] .
CV quantum states can be represented in a couple of different ways: the wave functional description has been conventionally used while the normalized positive operators, called density matrix, can also provide its corresponding representation. At the same time, in quantum optics, it has been well-known that a quasi-probability distribution can also be used as the equivalent description of density matrices [15] [16] [17] . The phase space representation with quasi-probabilities such as the Glauber-Sudarshan P-function [18, 19] , Wigner function [20] , and Husimi Q-function [21] can demonstrate the nonclassical features of quantum states, which are incompatible with classical counterparts, in a rather explicit manner. Quantum correlation in the multi-mode quantum systems can also be found when the non-classical character of the multi-mode distribution has been extended to the correlated systems [22] . In this framework, negativity [23, 24] , non-locality [25, 26] , contextuality [27, 28] , entanglement [29, 30] and coherence [31] of quantum states have been studied, which provide useful resources for quantum information processing [32] [33] [34] [35] [36] [37] .
A direct measurement of quasi-probabilities from the state has been an important issue [38] [39] [40] [41] [42] [43] , while the probability function can be measured typically by employing the homodyne detection for the tomographic reconstruction [44] [45] [46] [47] [48] . If the field can be confined in a cavity, the quasi-probability function is directly measurable by the atom-field interaction as it is described in cavity quantum electrodynamic systems [42, 43] . Recent progress of the photon number resolving detectors [49] , e.g., based on superconducting circuits [50] [51] [52] enhances the possibility to directly measure the quasi-probability of quantum states and their non-classical features.
However, all these measurement scheme are not quite perfect and very sensitive to the existing noise on the measured systems and the measuring components. When the imperfection of the measuring devices become significant, quantum characteristics of the system can disappear sharply. Coarse-graining measurement [53] has been regarded as a reason why one can not detect quantum effects at macroscopic scale. Conditions for this hypothesis were suggested to confirm its validity in macro-realism [54] , saying that coarse-graining measurement and classical Hamiltonian are responsible for the emergence of classicality out of quantum world. The possibility of detection of quantum correlation with extremely coarsegraining measurement was reported [55] , but has been also understood in this hypothesis without contradiction because the local measurement used in Ref. [55] requires Kerr nonlinearity, implicating another requirement of precision measurements [56] . A recent observation [56] that micro-macro entanglement is hard to detect with coarse-graining measurement has strengthen the validity of hypothesis.
Here we introduce a method to detect quantum correlations with Bell-type inequality tests, in terms of generalized quasi-probability distributions when uncontrol-lable noises are involved in the measuring devices as well as in the system prepared. Our formalism provides a noise adaptive quasi-probability function when the noise source is identified. In this framework, a violation of the proposed Bell-type inequalities formulated with quasiprobability functions is a direct indication of the existence of quantum correlation in the states. Remarkably, it allows us to observe quantum correlations of CV systems even in the presence of severe noises included in the systems or detectors. Our work provides a useful tool to test quantum correlations in various quantum information protocols in near-term noisy devices.
II. GENERALIZED QUASI-PROBABILITY DISTRIBUTIONS
We start with reviewing the generalized representation of the quasi-probability distributions. Note that, in the quantum version of phase space formalism, the whole space can be spanned with a complete basis called generalized parity operator [15] [16] [17] 
Here, |α, n is the displaced number basis produced by applying the Glauber displacement operatorD(α) to the number basis |α, n =D(α)|n with a complex variable α. Its eigenvalues ((s + 1)/(s − 1)) n /(1 − s) are defined with one real parameter s. Then, the generalized quasiprobability distribution of a quantum stateρ in phase space can be obtained by the expectation value ofΠ(α; s) as,
which is so called the s-parameterized quasi-probability distribution function. This is a unified form of quasiprobability distribution functions with different orders parameter s: (i) If s tends to one from the left, it becomes the Glauber-Sudarshan P-function [18, 19] ,
Note that all the eigenvalues become infinity as s → 1, representing the singularity of the P-function [15, 16] . In general, a quasi-probability distribution W (α; s ′ ) can be regarded as a smoothed quasi-probability distribution of W (β; s) with an order parameter s > s ′ . This can be represented by the convolution of W (β; s) and a Gaussian weight [15, 16] 
As the effects of noises in phase space can be modeled by Gaussian smoothing [39] [40] [41] [44] [45] [46] [47] [48] , the decreasing s ′ is often considered as a loss of non-classicality. For example, as s ′ decreases the negativity of W (β; s) is reduced, and the expectation value becomes non-negative everywhere in phase space when it becomes the Husimi Q-function s ′ = −1. This can be understood as the smoothing of W (β; s) over the area satisfying the Heisenberg minimum uncertainty, associated with the ideal simultaneous measurements of position and momentum. Due to the non-negativity of the expectation value in whole phase space as well as the possibility of the projection of quantum states on the coherent state basis |α , the Husimi Q-function can be often interpreted as a proper probability distribution. Note that the coherent states are overlapping each other and comprise the over-complete basis in phase space.
The eigenvalues of the generalized parity operator in Eq. (1) are bounded when s ≤ 0, while they diverge when s > 0. For example, +1 and −1 are the degenerate eigenvalues when s = 0, and the change of eigenvalues with n is plotted in Fig. 1 when s = −0.1. We intend to use the generalized parity operatorΠ(α; s) as an observable to test quantum correlations so that we shall focus on the non-positive s region in the later part of this paper. Then, the s-parameterized quasi-probability distributions W (α; s) as the expectation values ofΠ(α; s) cover from the Wigner function with s = 0 to the Husimi Q-function with s = −1.
III. THE EFFECT OF DETECTION NOISES
A noisy quantum measurement can be understood based on the notion of coarse-graining operation [57] , which transforms a probability density in phase space into a coarse-grained density as a result of density averaging in small but finite cells. Generally, a coarse-graining measurement can be modeled with arbitrary binning of measurement outcomes where some cases the discrimination is not so sharp that there exist some overlap between two distinct outcomes (see Fig. 2 ).
For the number resolving measurement of bosonic particles (e.g. photons), the noise effect is mainly due to the loss of the particles by inefficient detectors. Such imperfection can be modeled by the action of a beam-splitter with a transmittance η. Here, we do not consider the effect of dark counts since their effects are relatively minor than losses especially when the detection efficiency is low. The probability of the detection of each single particle is then η, and the overall effect on the number distribution can be described by the Bernoulli sampling. If the probability that the field contains n particles is P (n), the probability for detecting m particles is given by [44] 
where n m = n!/[m!(n − m)!] is the binomial coefficient. The quasi-probability distribution reconstructed by coarse-graining measurements with η (for α = 0) is given by
which can be recast into (see Appendix)
Consequently, the generalized quasi-probability distributions measured with efficiency η can be identified in general with the quasi-probability distribution with a rescaled parameter
Note that the relation in Eq. (10) is generally valid for any reconstruction method of the quasi-probability distribution. For example, the result is consistent with the analysis of the noise effects when reconstructing the quasi-probability distribution by homodyne measurements [44] [45] [46] [47] [48] .
IV. EFFECTS OF ENVIRONMENTAL NOISE
We start with the introduction of the convolution law of the quasi-probability distribution functions [58] . Let us consider a beam splitter with the transmissivity t and reflectivity r satisfying r 2 + t 2 = 1. The P-function (s = 1) of one output mode (denoted by mode d) is the simple convolution of the two input modes (denoted by a and b modes) [15, 16] so that their characteristic functions are in the convolution relation as χ d (α; s = 1) = χ a (rα; s = 1)χ b (tα; s = 1). As the generalized characteristic function of a quantum stateρ with a parameter s can be written by
we can obtain the convolution law for the generalized characteristic functions,
Therefore, we can arrive at the convolution law for the generalized quasi-probability distributions as
Let us now consider the effects of environmental noises. Since dissipation induced by interactions with environment tends to smoothed quasi-probability distributions, we shall see that the state evolution under environmental noises can be effectively described as dynamical changes of the order parameter s in this section. Note that such an attenuated dynamics can be also understood within the framework of noisy measurements [59] , in agreement with the description in the previous section.
As an exemplary model, suppose that a quantum system encounters and interacts with thermal environment regarded as a reservoir. The effect of the reservoir can be modeled by mixture of the mode for the system and the mode of thermal fields by a beam splitter. The evolution of the quasi-probability distribution can be described by solving the Fokker-Planck equation [58] ,
We then obtain time evolution at time τ given by the convolution of the original field and thermal environment like Eq. (12) as
where r(τ ) = √ 1 − e −γτ and t(τ ) = √ e −γτ are given in terms of the energy decay rate γ and
is the generalized quasi-probability function for the thermal state with mean photon numbern. By rescaling with respect to β ′ = r(τ )β/t(τ ) and α ′ = α/t(τ ), Eq. (14) can be recast into
From Eq. (6), the effect of the thermal environment can then be identified with temporal changes of the quasiprobability distribution as
with the parameter function,
Therefore, the evolution of quasi-probability distribution under environmental noise can be effectively described by dynamical changes of the order parameter s.
V. BELL INEQUALITIES WITH QUASI-PROBABILITY DISTRIBUTIONS
In the following we shall propose an efficient formalism to test quantum correlations in phase space under noises based on the results of the previous sections. Suppose that we have a two-mode system that we would like to test and its s-parameterized quasi-probability distribution can be reconstructed by measurements. Let us first introduce a Bell-type inequality [60] formulated by the generalized quasi-probability distribution functions.
From the fact that the generalized parity operator in Eq. (1) has the bounded eigenvalues with a non-positive s, we will useΠ(α; s) to define the observable for testing quantum correlations. We define the effective observable operator in the form of
where X(s) and Y (s) are arbitrary functions of the parameter s in the region −1 ≤ s ≤ 0, and 1 1 is the identity operator. In that circumstance, the eigenvalue spectrum of the measurement operator is given as 
with eigenvalues
Note that when s = 0 it becomesÔ(α; 0) =Π(α; 0) = ∞ n=0 (−1) n |α, n α, n|, and when s = −1,Ô(α; −1) = 2|α α| − 1 1. We can thus recover the Wigner and Husimi Q functions for s = 0 and −1, respectively. Now we formulate a Bell-type inequality in terms of the generalized quasi-probability distributions. Suppose that two local parties choose observables,Â a andB b , respectively, where a, b ∈ {1, 2}. The measurement operators of the local observables are defined here aŝ
where −1 ≤ s ≤ 1, and the Bell operator can be then constructed in a similar way with the CHSH-type [61] aŝ
For any separable states ρ Finally, we can write the Bell-type inequality based on the generalized quasi-probability distributions as |B(s)| = Ô (α 1 ; s) ⊗Ô(β 1 ; s) + Ô (α 1 ; s) ⊗Ô(β 2 ; s) + Ô (α 2 ; s) ⊗Ô(β 1 ; s) − Ô (α 2 ; s) ⊗Ô(β 2 ; s)
for −1 ≤ s ≤ 1, where W (α, β; s) = (4/π 2 ) Π (α; s ⊗ Π(β; s) = is the two-mode quasi-probability distribution functions and W (α; s) and W (β; s) are its marginal distributions. Therefore, the violation of the inequality (25) guarantees that the state is entangled. Note that this is not a test of quantum non-locality, which has a different criterion in terms of a local realistic theory [60] [61] [62] , but a method for witnessing quantum correlations of CV systems in phase space.
VI. TESTING QUANTUM CORRELATIONS UNDER NOISES
In this section we apply the Bell-type inequalities with quasi-probability distributions to test quantum correlations under noises. We shall show that efficient certification of quantum correlations is possible under severe detection or environmental noises.
As a representative example, we consider the two-mode squeezed vacuum state (TMSV)
with a squeezing parameter ξ > 0, which can be generated, e.g., by non-degenerate optical parametric amplifiers [63] . TMSV has been often consider to be the normalized EPR states, i.e., the maximally entangled state associated with position and momentum [25] . For a nonpositive parameter s, its generalized quasi-probability distribution function is given by 
A. Quantum correlations under detection noises
Let us first consider a test of quantum correlations under detection noises. Assuming that the detection efficiencies in two modes are the same as η, the reconstructed s-parameterized quasi-probability distributions under detection noises are given by Eq. (9) as
Since η is assumed here to be a known parameter, we can regard the reconstructed results as the quasi-probability distributions with a rescaled order parameter in Eq. (10),
Therefore, the Bell function for the reconstructed quasiprobability distributions and the rescaled order parameter s ′ = s/η + (1 − 1/η) is given as
for −1 ≤ s ′ ≤ 0, and we keep B(−1) for s ′ <= −1.
Notably, here we choose the Bell inequality |B(s ′ )| ≤ 2 by rescaling s ′ = s/η + (1 − 1/η). This is in contrast to the approach in Ref. [26] , where the Bell inequality |B(s)| ≤ 2 is used without changing the parameter s even in the presence of detection noises. The Bell inequality in Eq.(30) can be also regarded as a generalized form of the entanglement witness proposed with the Wigner function under detection noises in Ref. [62] .
In Fig. 3 , we plot the violations of the Bell inequality in Eq. (30) by TMSV by changing η and s with different squeezing rate ξ. Remarkably, quantum correlations are detected even with the detection efficiency as low as η ∼ 0.36 for ξ = 0.3 and η ∼ 0.37 for ξ = 0.6 when s = 0. This is a significant improvement over the previous detection schemes under the effect of noises (for example, in comparison with the results in Ref. [26, 41, 62] ).
We observe that the amount of violation shows different tendencies depending on s, η and the squeezing parameter ξ. Peaks are observed at s ′ = s/η + (1 − 1/η) = −1.0. It shows that the dominant part of the violation in this region comes from the vacuum-photon entanglement, as the measurement operator in Eq.(21) becomes the photon on-off detection when s ′ = −1.0. As increasing ξ, a narrower peak of violations appears at the region s = 0 and η = 1, which is the detection of the entanglement between multiple photons of two modes. The measurement operator in Eq.(21) becomes the parity operator when s ′ = 0. Note that the parity measurement can detect the correlation between higher number of photons than the on-off measurement but is more fragile under detection noises.
B. Dynamical quantum correlations under thermal environment
Let us then investigate the dynamic behavior of quantum correlations of TMSV under thermal environmental noises. We assume that the effects of thermal noises are independent in two modes with the same energy decay rate γ and average thermal photon numbern and identified before testing. Therefore, using the relations of the rescaled quasi-probability distributions in Eq. (16) and the order parameters in Eq. (17) , the evolution of the quasi-probability distributions of TMSV can be represented by
where
and the marginal distribution can be written by
Here, R ′ (s, τ ) = s ′ (τ ) 2 − 2s ′ (τ ) cosh 2ξ + 1 and S ′ (s, τ ) = cosh 2ξ − s ′ (τ ) with the parameters s ′ (τ ) = (s− r 2 (τ )(1 + 2n))/t 2 (τ ) and r(τ ) = √ 1 − e −γτ and t(τ ) = √ e −γτ . Therefore, we can set the Bell inequality by rescaling with the dynamically changing parameters α ′ = α/t(τ ), β ′ = β/t(τ ), and s ′ (τ ) as
In Fig. 4 , we plot the dynamics of quantum correlations of TMSV detected by the Bell inequality in Eq. the thermal environments with average photon number n = 0, 0.5, 2, respectively. This is much longer than the allowed time for observing entanglement of the same TMSV (ξ = 0.3) before death by previous schemes, e.g. r(τ ) ∼ 0.35, 1.3, 0.6 forn = 0, 0.5, 2, respectively, given in Ref. [64] .
VII. REMARKS
We can generalize our method further for testing highdimensional quantum correlations. The measurement of Π(α; s) for s ≤ 0 can be associated with a number resolving detection under noises and subsequent dichotomic (2dimensional) binning with eigenvalues ±1. Similarly, we can map the number n into the discretized phases by ω = exp(2πi/d) for the measurement with arbitrary d outcomes. The eigenvalues are assigned as complex variable ω n . When d = 2, ω n = (−1) n . Therefore, the generalized quasi-probability function with d-dimensional outcomes can be defined as
as the expectation value of the generalized parity opera-torΠ
with a complex order parameter s d = −i cot(π/d). Note that Eq. (35) becomes equivalent with Eq. (2) for d = 2.
The measurement process observing the operator in Eq. (36) can be associated with the number resolving detection and subsequent binning into the complex eigenvalues ω n in order. By using Eq. (35), different type of Bell inequalities can be tested with arbitrary d-outcome local measurements [65] [66] [67] [68] [69] . For example, see the results in Ref. [70, 71] . We can rewrite the d-dimensional quasiprobability function under noises as,
by which it would be possible to observe high-dimensional quantum correlations under noises likewise the method proposed in this paper when d = 2 (we left the detailed analysis for a future study). Note that the relation in Eq. (10) is also valid here as
It would be also valuable to extend this method for testing multi-mode quantum correlations of CV systems in phase space [72] [73] [74] . Our result implicates that quantum characteristics of the system do not sharply disappear by coarse-graining but may be hidden behind the effect of noises. Our work clearly shows that it is possible to directly observe quantum correlations with coarse-graining measurements by harnessing the knowledge on the imperfection of the measuring devices or the measured systems. This approach would help us to explore the border between classicality and quantumness at the macroscopic scale and provides us a way to circumvent the difficulty in observing quantum nature of complex systems.
In summary, we have introduced a method for detecting quantum correlations in terms of generalized quasiprobability distribution functions in the presence of uncontrollable noises involved in the measuring devices or the system prepared. The parameter for the different quasi-probabilities provides distributed matching values to the photon number statistics as it modifies the bosonic operator ordering. Our formalism provides the noise adaptive quasi-probability distribution functions. Using the formalism, it is possible to observe quantum correlations of CV systems in an adaptive manner when the different amount of noise exists in the systems as well as in the detectors. Remarkably, the proposed method allows us to detect quantum correlations under severe noises. It has been also shown that the critical point of the correlation is varied with respect to the noise added to the systems even when the order parameter for the correlation is adjusted.
Our scheme can be directly applicable to detect quantum correlations with inefficient detectors or in the systems under noises. An immediate experimental demonstration of our scheme is expected with current optical technologies. We believe that our work provides a useful tool to certify quantum correlations in various protocols in near-term noisy quantum information processors with CV systems. ACKNOWLEDGMENTS SWL and JK were supported by KIAS Advanced Research Program (QP029902 and CG014604). WS acknowledges the support by KIAS and Samsung Science & Technology Foundation.
Appendix
We can rewrite Eq. (8) with respect to the probability P (n) by Eq. (7) 
